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Abstract
The fermionic NSR string possesses a hidden N = 2 superconformal algebra on the
world-sheet. In this work, we show how to use an isomorphism of this algebra, the so-
called spectral flow, for construction of a subspace of physical states of the string, on which
space-time supersymmetry acts. This construction is an alternative to the GSO-projection
in string theory.
The paper is based on lectures given at Independent University of Moscow in spring 2015.
1 Introduction
Superstring theory [1–4] plays an important role in modern theoretical and mathematical
physics. An essential feature of this theory is the space-time supersymmetry, which is pro-
posed to be a natural mechanism to solve the hierarchy problem.
It was shown by Gliozzi, Sherk and Olive [5, 6] that space-time supersymmetry in the
fermionic Neveu-Schwartz-Ramond string [7,8] appears after the special projection of physical
states with use of the world-sheet fermionic number operator. They have shown that after the
projection the amount of physical states in bosonic (NS) and fermionic (R) sectors are the same
for each level of a given mass. The odd super-Poincare operators in the covariant approach
were built by Friedan, Shenker and Martinec [9, 10], and by Knizhnik [11]. In these works,
the authors used "spin" field in the matter sector, as well as, bosonization of ghost sector for
the construction of massless fermionic vertex. The limit of this vertex at zero momentum gives
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covariant space-time supersymmetry generator of the NSR string. In addition, the GSO-project
is necessary in order for the space-time supersymmetry generators to be well defined.
In [12], [13] it was shown that the condition for supersymmetry in space-time after com-
pactification of ten-dimensional strings to four-dimensional Minkowski space is the N = 2
superconformal symmetry of the theory in six compact dimensions. Gepner [12] explained how
the operator of the so called spectral flow which maps NS-sector in R-sector and vice versa,
can be used to construct the space-time SUSY generator.
Meanwhile, the original d = 10 NSR string itself has a hidden N = 2 superconformal
symmetry on the world-sheet. In this article, we show how to use the operator of the spectral
flow U , which transfer NS- and R- sectors into each other, to restrict the local physical field
space by the requirement of their locality with respect to the operator U . Thereafter, we
determine the action of space-time supersymmetry on this subspace.
The requirement of locality is equivalent to the GSO-projection and the construction itself
with use of the full N = 2 superconformal symmetry algebra of the NSR string in the BRST
approach leads to the same (up to the action of the picture-changing operator) supercharge
formula as for d = 10 superstring in works [9,11]. However, such a formulation, which is absent
in the standard textbooks like [1–4], is useful. First, it clarifies the procedure of achieving
space-time SUSY in ten dimensions. Second, we naturally arrive to the Gepner hypothesis
on the necessity of N = 2 superconformal symmetry to hold for six compactified dimensions.
Compactification must preserve the N = 2 superconformal symmetry on the world-sheet, which
is present in the ten-dimensional string.
2 Conformal Field Theory
Any version of string theory is a special case of two-dimensional conformal field theory [14].
In this section we briefly remind basic ideas of CFT including local fields, operator product
expansions (OPEs), holomorphic currents and action of Fourier modes on local fields. There
are different ways to describe strings like Hilbert space formalism, path integral formulation
e.t.c.. In this paper we use language of local fields and their OPEs in spirit of [10].
Two-dimensional conformal field theory is a field theory with the vanishing of the trace of
the energy-momentum tensor
T aa = 0. (2.1)
We are interested in the local fields of this theory. An important characteristic of the fields is
their conformal dimensions ∆,∆ defined as
Φ(z, z¯) = λ∆λ∆Φ(λz, λz¯). (2.2)
In conformal field theory, it is convenient to use the operator product expansion. Op-
erator product expansion (OPE) is a decomposition of two fields in the correlation functions
〈. . .Φ1(z, z¯)Φ2(w, w¯) . . . 〉 in a combination of local fields, when operators are close to each other
z → w. For example, the OPE of the energy-momentum tensor with itself reads
T (z)T (w) ∼ c
2(z − w)4 +
2
(z − w)2T (w) +
1
z − w∂T (w) + regular terms. (2.3)
Here and below we omit the fact that this expression is understood as part of a correlation
function. We will also write only the singular part of the expansions.
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The variation of the fields under infinitesimal transformations z → z + ε(z) is given by
δεΦ =
∫
dz ε(z)T (z)Φ(0, 0). (2.4)
Choosing ε(z) = zn+1, we can define the operators
Ln =
∫
dz zn+1T (z), (2.5)
where the integral is taken around the point z = 0 and the operators Ln act on the field at
this point. Using the operator product expansion (2.3), it can be shown that the commutator
of these operators is
[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m)δm,−n. (2.6)
Similarly, there is a correspondence between other holomorphic currents and symmetry algebras
of string theory.
3 NSR string
The action of the matter part of the free ten-dimensional NSR-string [7, 8] is
Sm =
∫
d2z
[
∂Xµ∂Xµ + ψµ∂ψ
µ + ψ˜µ∂ψ˜
µ
]
, (3.1)
where µ = 0, . . . , 9 and Xµ, ψµ, ψ˜µ are matter fields. Below, we are interested only in the
holomorphic part of the theory. These fields have the following OPE’s
Xµ(z)Xν(0) ∼ −ηµν ln z,
ψµ(z)ψν(0) ∼ ηµν
z
,
(3.2)
where the metric ηµν = diag(−1, 1, . . . , 1). All other OPE’s are regular. The fields ψµ have the
following monodromy around the vertex operator at the point z = 0
ψµ(e
2piiz) = e2piiνψµ(z). (3.3)
When ν = 1/2, the vertex operator at the point z = 0 is said to be in the R-sector, and when
ν = 0 it is said to be in the NS-sector.
As is well known, this theory has N = 1 superconformal symmetry. The corresponding
energy-momentum tensor and supercurrent are
Tm = −1
2
∂Xµ∂Xµ − 1
2
ψµ∂ψµ,
Gm = iψµ∂Xµ.
(3.4)
Below the letter m in expressions like Tm denotes the matter sector.
The currents Tm(z) and Gm(z) satisfy the N = 1 superconformal algebra OPE’s
T (z)T (0) ∼ c
2z4
+
2
z2
T (0) +
1
z
∂T (0),
T (z)G(0) ∼ 3
2z2
G(0) +
1
z
∂G(0),
G(z)G(0) ∼ 2c
3z3
+
2
z
T (0),
(3.5)
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with central charge c = cm = 15. If one expands the currents in Fourier modes T (z) =∑
n∈Z Lnz
−n−2, G(z) =
∑
r∈Z+ν+1/2Grz
−r−3/2, the commutation relations take the form
[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m)δm,−n, (3.6)
{Gr, Gs} = 2Lr+s + c
12
(4r2 − 1), δr,−s (3.7)
[Lm, Gr] =
m− 2r
2
Gm+r, (3.8)
where n,m ∈ Z, r, s ∈ Z + ν + 1/2. The modes of G(z) are expanded in integer modes in the
R-sector and in half-integer modes in the NS-sector.
These commutation relations lead to an important inequality. For each field Φ in the R-
sector we have∣∣∣G0|Φ〉∣∣∣2 = 1
2
〈Φ|{G0, G0}|Φ〉 = 〈Φ|
(
L0 − c
24
)
|Φ〉 =
(
∆− c
24
)
〈Φ|Φ〉 ≥ 0. (3.9)
It follows that in a unitary theory the dimensions of all fields in the R-sector satisfy the bound
∆ ≥ c
24
. Equality holds when the field satisfies G0|Φ〉 = 0. The field with conformal dimension
∆ = c
24
and zero space-time momentum is called Ramond vacuum.
In the matter sector there are 32 Ramond vacua Sα(z), with α = 1, . . . , 32. These 32 vacua
transform as a 32-component spinor. Namely
ψµ(z)Sα(0) ∼ 1√
2z
ΓµαβSβ(0), (3.10)
where Γµ are gamma matrices of size 32× 32. Note that the square root of z on the right-hand
side leads to the minus sign after translation of the field ψµ(z) around zero, as it should be in
the R-sector according to the formula (3.3).
In string theory the currents Tm(z), Gm(z) are constraints. Using these currents, one can
construct the BRST-charge. It should include two fermionic ghosts b, c, corresponding to con-
straints generated by the current Tm(z), and two bosonic ghosts β, γ, corresponding to Gm(z).
The explicit expression for the BRST-charge is
QB =
∫
dz
[
cTm + γGm +
1
2
(
cT gh + γGgh
)]
. (3.11)
The physical states Φ are defined as cohomologies of the BRST-charge
QBΦ = 0,
Φ ≃ Φ+QBΨ.
(3.12)
The last formula means that fields that differ by a BRST-exact term QBΨ for any Ψ are
physically equivalent. The so defined physical states have a positive norm and their spectrum
coincides with the one of the superstring in the light-cone gauge.
The ghost fields have the OPE’s
β(z)γ(0) ∼ −1
z
,
b(z)c(0) ∼ 1
z
.
(3.13)
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The ghost action is
Sgh =
∫
d2z
[
b∂c+ β∂γ + h.c.
]
. (3.14)
This action has an N = 1 superconformal symmetry with the currents
T gh = −∂bc − 2b∂c− 1
2
∂βγ − 3
2
β∂γ,
Ggh = ∂βc +
3
2
β∂c− 2bγ.
(3.15)
They satisfy the relations of the superconformal algebra with central charge cgh = − 15.
The monodromy of the fields β, γ also depends on the sector. In order for the BRST-charge
to be well-defined, the integrand in (3.11) must be periodic around zero. Therefore, the fields
β, γ must have the same monodromy as ψµ, i.e. the ghost and material components of vertex
operator at the point z = 0 must be in the same sector
ψµ(e
2piiz) = e2piiνψµ(z),
β(e2piiz) = e2piiνβ(z),
γ(e2piiz) = e2piiνγ(z),
(3.16)
where ν = 1/2 in R-sector, ν = 0 in NS-sector.
β − γ system has vacua Vq(z) parameterized by a half-integer q called the number of the
picture [15], and the space of states generated by ψµ, ∂Xµ, β, γ, b, c out of the vacuum Vq, is
called the picture. These spaces are not isomorphic to each other for different values of q
without physical constraints. The vacua Vq are determined by the conditions
β(z)Vq(0) ∼ O(zq),
γ(z)Vq(0) ∼ O(z−q).
(3.17)
Note, that from these formulas follows that the translation of β, γ around the origin produces a
phase e2piiq. Therefore, q must be an integer in the NS-sector and half-integer in the R-sector.
One can build physical states in different pictures. It is known [15] that the physical states
(BRST-cohomologies) in the different pictures are isomorphic to each other. The isomorphism
is given by the action of the so-called picture changing operator. It is convenient to choose the
canonical pictures q = −1/2 in the R-sector and q = −1 in the NS-sector.
The general form of a vertex in the NS-sector is
P (ψµ, ∂Xµ, β, γ, b, c)Vqe
ikµXµ, (3.18)
where P is a polynomial of its arguments, and kµ is a momentum. In the NS-sector q must be
an integer.
The general form of a vertex in the R-sector is
P α(ψµ, ∂Xµ, β, γ, b, c)SαVqe
ikµXµ , (3.19)
where P α is a polynomial of its arguments and it transforms as a 32-component spinor. In the
R-sector q is half-integer.
Two important examples of vertex operators are massless bosons and fermions in the pictures
−1 and −1/2
VNS = ξµψ
µV−1e
ikµXµ
VR = u
αSαV−1/2e
ikµXµ
(3.20)
where uα, ξµ are polarizations.
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4 The N = 2 superconformal algebra
In this section we define the N = 2 superconformal algebra and its isomorphism, the so-called
spectral flow, which later will play a decisive role.
The N = 2 superconformal algebra consists of the currents T (z), G±(z), J(z). The current
T (z) is a energy-momentum tensor with dimension 2, G±(z) are two supercurrents with dimen-
sion 3/2 and J(z) is a U(1)-current with dimension 1, which corresponds to the R-symmetry
of the N = 2 superalgebra. These currents have OPE’s
T (z)G±(0) ∼ 3
2z2
G±(0) +
1
z
∂G±(0),
T (z)J(0) ∼ 1
z2
J(0) +
1
z
∂J(0),
G+(z)G−(0) ∼ 2c
3z3
+
2
z2
J(0) +
2
z
T (0) +
1
z
∂J(0),
G±(z)G±(0) ∼ 0,
J(z)G±(0) ∼ ±1
z
G±(0),
J(z)J(0) ∼ c
3z2
.
(4.1)
This algebra has an N = 1 subalgebra generated by the currents T (z), G(z) = (G+ +G−)/
√
2.
After Fourier mode expansion
G±(z) =
∑
r∈Z+ 1
2
±ν
G±r z
−r−3/2,
T (z) =
∑
n∈Z
Lnz
−n−2,
J(z) =
∑
n∈Z
Jnz
−n−1,
(4.2)
the commutation relations become
[Lm, G
±
r ] =
(m
2
− r
)
G±m+r,
[Lm, Jn] = −nJm+n,
{G+r , G−s } = 2Lr+s + (r − s)Jr+s +
c
3
(
r2 − 1
4
)
δr+s,0,
{G±r , G±s } = 0,
[Jn, G
±
r ] = ±G±r+n,
[Jm, Jn] =
c
3
mδm+n,0.
(4.3)
The value of ν depends on the monodromy of G±(z)
G±(e2piiz) = e±2piiνG±(z), (4.4)
where ν can have an arbitrary real value. We will be mainly interested in the particular cases
ν = 0 and ν = 1
2
, corresponding to the NS- and R- sectors.
The N = 2 superconformal algebra possesses an isomorphism [16]
6
L′n = Ln + ηJn +
1
6
η2cδn,0,
J ′n = Jn +
c
3
ηδn,0,
(G±r )
′ = G±r±η.
(4.5)
The action of this isomorphism on the representations of the superconformal algebra can be
realised [12, 17] in terms of the bosonic scalar field ϕ(z). One can bosonize the U(1)-current
J(z)
J(z) = ∂ϕ(z),
ϕ(z)ϕ(0) ∼ c
3
ln z.
(4.6)
Note that the boson ϕ(z) depends on the realization of the generators of the N = 2 supercon-
formal algebra in terms of the fields of the theory in which this algebra acts. It will be shown
that in the matter and ghost sectors there is an N = 2 superconformal algebra and we will give
expressions relating the bosonization of the U(1)-currents in each of the sectors with the scalar
fields of these sectors.
For an arbitrary field V , with charge q under the current J , we can isolate the charged part
V = Vˆ ei
3q
c
φ, (4.7)
where Vˆ is neutral under J(z). This procedure for G±(z) gives
G± = Gˆ±e±
3
c
φ. (4.8)
For every field V in a representation of the superconformal algebra we can construct a field
twisted by η
Vη = V e
ηφ = Vˆ e(
3q
c
+η)φ. (4.9)
By straightforward computation one can show that charge of the twisted field is
q′ = q +
c
3
η. (4.10)
Also, if, for example, the original field has an OPE with the G± in integer powers zn, then the
field Vη will have OPE with G
± in powers zn±η. The additional power arises from the OPE of
exp(ηφ) with exp(±3
c
φ). The conformal dimension of the field Vη is
∆′ = ∆+
c
6
(
3q
c
+ η)2 − 3q
2
2c
= ∆+ ηq +
1
6
η2c. (4.11)
From these formulas it is easy to see that multiplication of the fields on the vertex exp ηφ
corresponds to the isomorphism (4.5). The action of this isomorphism will be denoted as the
Uη.
The physical states of the NS-sector are the space-time bosons, and the states of the R-
sector are fermions. The fact that the spectral flow with η = ±1/2 translates NS- into R- sector
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and backwards suggests that the corresponding vertex operator exp(ηφ) is the supercharge or
at least its component. In what follows, we will show that it is true.
In the N = 2 superconformal algebra there is a restriction on the dimension ∆ of the field
with U(1)-charge q. For a field Φ in the NS-sector one can write∣∣∣G∓−1/2|Φ〉∣∣∣2 + ∣∣∣G±1/2|Φ〉∣∣∣2 = 〈Φ|{G±1/2, G∓−1/2}|Φ〉 = (2∆± q)〈Φ|Φ〉 ≥ 0. (4.12)
From this equation it follows that in a unitary theory in the NS-sector there is an inequality
2∆ ≥ |q|. (4.13)
The fields with 2∆ = q or 2∆ = −q are called correspondingly chiral or antichiral primary
fields 1. As follows from (4.12), chiral primary field Φ satisfies
G−1/2Φ = G
+
−1/2Φ = 0. (4.14)
Using this formula, the relations of the superconformal algebra and the restriction on the
dimensions 2∆ ≥ |q|, one can show that Φ is annihilated by positive modes of the currents
G±(z), T (z), J(z). Along with (4.14), it gives
LnΦ = JnΦ = 0, n > 0,
G+r Φ = 0, r ≥ −
1
2
,
G−r Φ = 0, r > 0.
(4.15)
There are similar relations for the antichiral primary fields with G+ and G− exchanged.
Since the N = 2 superconformal algebra has the N = 1 subalgebra, there is a restriction on
the dimension ∆ ≥ c
24
for the Ramond fields. It follows from the inequality (3.9). Moreover,
the Ramond field Φ with the dimension ∆ = c
24
satisfies
G0Φ = 0. (4.16)
Because of the restriction ∆ ≥ c
24
, Φ is annihilated by all the positive modes of the currents
G±(z), T (z), J(z). Using the commutation relations of the N = 2 algebra, one can show that
if the field is annihilated by G0 = (G
+
0 +G
−
0 )/
√
2, then it is annihilated by G±0 separately. All
this reads
LnΦ = JnΦ = 0, , n > 0,
G±nΦ = 0, n ≥ 0.
(4.17)
It turns out, that the action of the spectral flow U±1/2 transforms the Ramond vacua and
chiral fields into each other. Indeed, as it follows from (4.5) with n = 0 the spectral flow acts
as
U1/2
∣∣∣∣∆ = q2Q = q
〉
NS
=
∣∣∣∣ ∆ = c24Q = q − c
6
〉
R
,
U−1/2
∣∣∣∣ ∆ = q2Q = −q
〉
NS
=
∣∣∣∣ ∆ = c24Q = −q + c
6
〉
R
.
(4.18)
As it will be explained below, the vertex operators of the massless bosons are chiral fields. And
the vertex operators of the massless fermions are the Ramond vacua. The relations (4.18) mean
that these states form a supermultiplet.
1We will sometimes call the field chiral meaning that it is chiral or antichiral primary field.
5 The N = 2 superconformal algebra in the NSR string
As we mentioned earlier the matter and ghost sectors of the NSR string in ten dimensions have
the N = 2 superconformal symmetry. In this section we describe them explicitly. Also we give
standard formulas for bosonization. After bosonization the U(1)-currents will take a simple
form.
5.1 The matter sector
It is convenient to choose another basis in the matter sector
ψ±0 =
1√
2
(±ψ0 + ψ1),
ψ±k =
1√
2
(ψ2k ± iψ2k+1),
X±0 =
1√
2
(±X0 +X1),
X±k =
1√
2
(X2k ± iX2k+1).
(5.1)
The OPE’s in this basis are
ψ+a (z)ψ
−
b (0) ∼
δab
z
, (5.2)
∂X+a (z)∂X
−
b (0) ∼ −
δab
z2
. (5.3)
The other OPE’s are regular. The supercurrent reads
Gm = iψµ∂Xµ =
∑
k
iψ+k ∂X
−
a +
∑
k
iψ−k ∂X
+
k , (5.4)
One can show that the currents Gm±
Gm =
1√
2
(Gm+ +G
m
−),
Gm+ =
∑
k
i
√
2ψ+k ∂X
−
k ,
Gm− =
∑
k
i
√
2ψ−k ∂X
+
k ,
(5.5)
and the U(1)-current
Jm =
∑
k
ψ+k ψ
−
k , (5.6)
together with Tm form the N = 2 superconformal algebra with central charge cm = 15.
The ten fermions ψµ can be realised in terms of five independent bosons Hk. These bosons
have the OPE’s
Ha(z)Hb(0) ∼ −δab ln z, (5.7)
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where a, b = 1, . . . , 5. One can show that fields
ψ±k = e
±iHk (5.8)
have the OPE’s (5.2). The energy-momentum tensor of the fermions reads
Tψ = iψµ∂ψ
µ = −1
2
∑
k
∂Hk∂Hk. (5.9)
The Ramond vacua in terms of the bosons Hk have a simple form
Sα = e
∑
k iskHk , (5.10)
where sk = ±1/2. The number of different combinations of sk is 32 and coincides with in-
dependent polarizations of the 32-component spinor. With the help of (5.9) one can find the
dimension of these fields. It is 5/8 = cm/24, as it should be for the Ramond vacua.
Finally, we will rewrite the U(1)-current in terms of Hk. Using
ψ+k ψ
−
k = i∂Hk, (no summation) (5.11)
we have
Jm = ∂Hm, (5.12)
where
Hm =
∑
k
iHk. (5.13)
Note, that the choice of the N = 2 superconformal algebra is ambiguous. One can take another
U(1)-current
Jm = ψµΛµνψν , (5.14)
where Λµν is a nondegenerate antisymmetric matrix with eigenvalues ±1. The supercurrents
Gm± are the parts of G
m with U(1)-charges ±1 respectively. By a Lorentz transformation
one can bring this current to a form (5.13). As it would be clear later, different choices of
N = 2 superconformal algebra in the matter sector correspond to different polarizations of
16-component supercharge Qα.
5.2 The ghost sector
As it was noticed in [10] the ghost sector has the N = 2 superconformal symmetry. We will
show that the spectral flow in the ghost sector is a part of the total spectral flow which realizes
the transformation between bosons and fermions.
The supercurrents Ggh±
Ggh =
1√
2
(Ggh+ +G
gh
− ),
Ggh+ =
√
2∂βc +
3√
2
β∂c,
Ggh− = −2
√
2bγ,
(5.15)
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the U(1)-current,
Jgh = 2bc+ 3βγ, (5.16)
and T gh satisfy the relations of the N = 2 superconformal algebra with the central charge
cgh = −15.
The ghost fields b, c can be realised in terms of a boson σ with OPE
σ(z)σ(0) ∼ ln z, (5.17)
by the formulas
c = eσ,
b = e−σ.
(5.18)
The ghost fields β, γ can be realised by two bosons φ, χ with the OPE’s
φ(z)φ(0) ∼ − ln z,
χ(z)χ(0) ∼ ln z. (5.19)
The ghosts β, γ are given by the formulas
β = e−φ+χ∂χ,
γ = eφ−χ.
(5.20)
One can show that these exponents satisfy (3.13).
The ghost energy-momentum tensor reads
Tgh = Tφ + Tχ + Tσ, (5.21)
where
Tφ = −1
2
∂φ∂φ − ∂2φ,
Tχ =
1
2
∂χ∂χ +
1
2
∂2χ,
Tσ =
1
2
∂σ∂σ +
3
2
∂2σ.
(5.22)
The vacua Vq of the β − γ system in terms of φ have the form
Vq = e
qφ. (5.23)
By a straightforward computation, one can show that contraction of exp qφ with β, γ has the
proper powers of z in the relations (3.17). With the use of (5.22) one can find the dimension
of the vacuum, ∆(exp(qφ)) = −(q2 + 2q)/2.
Using the formulas
βγ = ∂φ,
bc = −∂σ, (5.24)
one can show that the U(1)-current is
Jgh = ∂Hgh, (5.25)
where
Hgh = 3φ− 2σ. (5.26)
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5.3 N = 2 in NSR string and supercharge
It was shown in the two last sections that there is a hidden N = 2 superconformal symmetry
in the ten-dimensional NSR string. The total currents are
T tot = Tm + T gh,
Gtot± = G
m
± +G
gh
± ,
J tot = Jm + Jgh.
(5.27)
After bosonization the U(1)-current reads
J tot = ∂H tot = ∂Hm + ∂Hgh =
∑
k
i∂Hk + 3∂φ− 2∂σ. (5.28)
It was discussed in section 4, that the spectral flow can be realised with the use of the
vertex operator of the bosonization of the U(1)-current. Moreover, the spectral flow with half-
integer η transform the NS- and R- sectors into each other and is therefore a natural candidate
for a the space-time SUSY generator. The spectral flow vertex operator for the total N = 2
superconformal algebra with η = −1/2 reads
Q(z) = U−1/2 = exp
(
−1
2
H tot
)
. (5.29)
Using the expression of H tot in terms of the bosons, one can rewrite it as
Q(z) = exp
(
−1
2
∑
iHk − 3
2
φ+ σ
)
= cSαe
− 3
2
φ, (5.30)
where in the last step we returned from the bosons to the original fields. Here Sα is the spin
field with all the spins down.
Note, that the vertex operator of the massless fermion in the picture −3/2 is
V−3/2 = cu
αSαe
−3/2φeikX , (5.31)
where uα is a polarization, which must satisfy the Dirac equation, as follows from (3.12). Note
that the vertex Q(z) is the vertex V−3/2(z) with the momentum kµ equals zero. When the
momentum is zero the Dirac equation is trivially satisfied and uα becomes an arbitrary spinor
and can be omitted. This fact is similar to a supercharge construction in the manuscripts [9,11],
where the supersymmetry operator is a fermion vertex operator at zero momentum. In these
works it was in the picture −1/2.
The vertex (5.31) is multiplied by the ghost c(z) and in the correlation functions it corre-
sponds to the vertex operator with a fixed coordinate. As is usual in string theory, the vertices
in the correlation functions must be multiplied by the ghost c(z), and the correlation function
does not depend on the coordinate z, or the vertices must be integrated over coordinate z. By
analogy we replace the ghost c(z) in (5.30) with the integral over z, and we understand the
action of the supersymmetry operator on the physical vertex as an integral along the contour
around it. Accordingly, the supercharge takes the form
Qα =
∫
dz Sαe
−3/2φ. (5.32)
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By a straightforward computation one can show that it has dimension 0 and is BRST-closed.
We conclude this section with a couple of comments. First, we got a supercharge with
all spins down. By a Lorentz transformation or what is the same by selecting another N = 2
algebra in the matter sector, we can get the rest of its components. The result is a 16-component
Weyl spinor. Second, in the implementation of the spectral flow in section 4, we implicitly use
the fact that the central charge does not vanish. For example, as can be seen from (4.6), at
c = 0, the U(1)-current can not be written as derivative of a free boson. However, this difficulty
is purely technical and can be easily bypassed. For example, consider the spectral flow, built
in this section, as the separated application of the spectral flows of the matter and ghosts, for
which the central charge is not zero. One can also carry out a similar reasoning as in section
4, but bosonize the U(1)-current, not by one, but two bosons J tot = ∂Hm + ∂Hgh. As we will
do now.
It should be noted that, unlike the case of c 6= 0, the exponential exp(αH tot) is neutral with
respect to the current J tot. Indeed,
∂H toteαH
tot
= (3∂φ− 2∂σ +
∑
k
i∂Hk)e
α(3φ−2σ+
∑
k iHk) = (−9 + 4 + 5)αeαHtot = 0. (5.33)
This means, that one cannot make the operator neutral by isolating the U(1)-part. This makes
our case slightly different and is a consequence of c = 0.
However, one can proceed as follows. We will make the currents neutral with respect to total
U(1) by isolating its U(1) ghost and matter components separately. For the supercurrents
G±
G±tot = Gˆ
±
me
± 1
5
Hm + Gˆ±ghe
∓ 1
5
Hgh . (5.34)
Hereinafter operators with a hat are neutral with respect to the both currents. This formula is
a modification of the corresponding formula in section 4. We now consider a field V , which has
a charge qm with respect to ∂Hm and qgh with respect to ∂Hgh. By isolating charged parts, we
get
V = Vˆ e
qm
5
Hm−
qgh
5
Hgh . (5.35)
This operator has a charge qm + qgh with respect to ∂H
tot. The signs in front of the exponents
Hm and Hgh are different because the central charges cm = 15 and cgh = − 15 have different
signs. Now let’s make the twist with the help of the operator exp(ηH)
Vη = Vˆ exp
{
1
5
(5η + qm)Hm +
1
5
(5η − qgh)Hgh
}
. (5.36)
Considering the operator expansion with G±, it is easy to see that it will be expanded in powers
of (z − w)n±η. It is also clear that the full charge of the field does not depend on η
q′ = q = qm + qgh, (5.37)
since, as we have shown, exp(ηH tot) is neutral with respect to the U(1)-current ∂H tot. The
conformal dimension of Vη is
∆′ = ∆− 1
10
(5η − qgh)2 + 1
10
(5η − qm)2 + 1
10
q2gh −
1
10
q2m = ∆+ ηq. (5.38)
All of these calculations, show that the operator exp(ηH tot) produces the twist (4.5) with c = 0.
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6 The GSO-projection and the action of the supercharge
In the previous section we constructed the operator Qα, which has the conformal dimension 0
and commute with the BRST-operator QB. However, this is not enough to act on the physical
(BRST-closed) vertices. It is necessary to retain only such physical vertices for which the action
of Qα is correctly defined. Consider an arbitrary vertex
P (∂Xµ, ∂Hk, ∂σ, ∂φ, ∂χ) exp
[
lφ+ rχ+mσ +
∑
k
iskHk + ikµX
µ
]
, (6.1)
where P - a polynomial in its arguments. In what follows its exact form is not important.
Recall, that in the R-sector l, sk ∈ Z + 12 , and in the NS-sector l, sk ∈ Z. In both sectors
r,m ∈ Z.
When translating the integrand in (5.32) around the vertex a phase occurs
2pii
(
3l
2
− 1
2
∑
sk
)
. (6.2)
In order to avoid any cuts, and for the integral in the action of the supercharge, to be well
defined, the physical vertices (6.1) must be mutually local with the supercurrent (5.32)
3l
2
− 1
2
∑
sk ∈ Z. (6.3)
This requirement leaves only those vertices that satisfy condition (6.3) in each sector.
We now show that this condition is equivalent to the GSO-projection. Recall that the GSO-
projection by definition [2] leaves in the spectrum of the string only states with eigenvalues 1
of the operator (−1)F , where F is the fermion number. By definition, the fermion number Fgh
of the exponential elφ is equal to l. While in the matter sector the fermion number is defined
as
Fm =
∫
dz
∑
k
Σ2k,2k+1(z) =
∫
dz
∑
k
ψ2kψ2k+1 =
∫
dz
∑
k
i∂Hk, (6.4)
where Σµν is the fermionic part of the Lorentz transformation. Full fermion number is equal to
their sum F = Fm + Fgh.
The action on vertex (6.1) of the operator F = Fgh + Fm will give
l +
∑
k
sk. (6.5)
The action of the operator (−1)F on a physical vertex is equal to 1, when
l +
∑
k
sk ∈ 2Z. (6.6)
This condition is equivalent to (6.3). Indeed, if one divided it by 2 and add to (6.3), then
2l ∈ Z, (6.7)
which is true since l is at least half-integer.
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From the equivalence of (6.3) and the GSO-projection follows a standard assertion of the
equality of the number of the physical states of bosons and fermions. This is equivalent to the
vanishing of the one-loop correction to the energy of the vacuum.
We give a few examples of the action of projection (6.3) on the physical states. The vertex
of a tachyon
V = eikXe−φ, k2 =
1
2
, (6.8)
for it the left-hand side of the expression (6.3) is 3/2. Since 3/2 is not an integer, the tachyon
is absent from the spectrum after the projection.
The vertex of the massless fermion is
V = uαSαe
ikXe−φ/2 = uαe
∑
iskHkeikXe−φ/2, k2 = 0, (6.9)
where sk = ±1/2 corresponds to polarization of spinor α. Condition (6.3) for this vertex is
−3
4
− 1
2
∑
k
sk ∈ Z. (6.10)
It means that an odd number of spins sk should be directed upwards. This leaves the 16-
component Weyl spinor out of the 32-component Dirac spinor.
The vertex operator of the massless boson is
V = ξµψ
µeikXe−φ, k2 = 0. (6.11)
For a term ξµψ
µ the sum of
∑
k sk is ± 1 (or more precisely, it is divided into the sum of two
components with charge 1 and −1). Accordingly, condition (6.3) takes the form
−3
2
± 1
2
∈ Z. (6.12)
It is true for both signs. Therefore, all physical vertices of the form (6.11) are present in the
spectrum after the projection.
To summarize, there are vector boson and Weyl fermion on the massless level after the
projection.
Thus, the requirement of the absence of cuts in the action of the operator Qα on the physical
states leads to the GSO-projection of this space. From this it is clear that the GSO-projection
is necessary for the very possibility of determining the space-time supersymmetry action on the
physical states.
7 The massless states at d = 10
7.1 The vertex operators
The vertex operator in the NS-sector in the picture −1 is
V−1 = cξµψ
µeikXe−φ, (7.1)
where ξµ is polarization.
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Note, that the matter part ψµ, as well as the ghost part
2 ce−φ are the chiral fields of the
N = 2 superconformal algebra.
On the other hand, the vertex of the massless fermion in the picture −1/2 is
V−1/2 = u
αSαe
ikXe−φ/2. (7.2)
Note, that the matter part Sα, has the dimension 5/8 and is therefore Ramond vacuum, as well
as ce−φ/2 in the ghost part.
So, as mentioned above, the vertices of the massless particles are constructed from the chiral
fields and the Ramond vacua. They are converted into each other under the action of the space-
time supersymmetry, forming a supermultiplet. The same remains true after compactification.
7.2 The action of supercharge
It follows from (4.18), that the action of the spectral flow interchange the chiral fields and
the Ramond vacua, which correspond to massless bosons and fermions. As we have shown in
section 5.3, the space-time supersymmetry operator is precisely the spectral flow. Formulas
(4.18) show that the action of supercharge transforms bosons and fermions into each other. In
this section we will write the supersymmetry action explicitly.
For this purpose, it is convenient to write the supercharge and the vertices in the different
pictures. We will give these formulas without derivation. The supercharge
Q(1/2)α =
∫
dz eφ/2(γµ)αβS
′
β∂Xµ,
Q(−1/2)α =
∫
dz e−φ/2Sα,
Q(−3/2)α =
∫
dz e−3φ/2S ′α.
(7.3)
Hereinafter Sα is a right Weyl spinor, S
′β is left.
The vertex operators of the boson is
V0 = ξµ (∂X
µ + i(kψ)φµ) eikX ,
V−1 = ξµψ
µeikX .
(7.4)
The fermionic vertex is
V1/2 = u
α(γµ)αβS
′
β(∂X +
i
2
(kψ)ψµ)e
ikXeφ/2,
V−1/2 = u
αSαe
ikXe−φ/2,
V−3/2 = u
αS ′αe
ikXe−3φ/2.
(7.5)
Using these formulas one can show that up to numerical coefficients the following holds
[vαQα, VNS(ξ, k)] = VR(k
µξν(γµν)
α
βv
β, k),
[vαQα, VR(u, k)] = VNS(u
α(γµ)αβv
β, k),
(7.6)
where we dropped the picture numbers since it holds for all the pictures.
2The ghost sector is not unitary. Therefore the relations (3.9) and (4.12) do not work in this case. We will
use (4.15) and (4.17) as the definition of the chiral fields and the ramond vacua
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8 Compactification
In this section we will briefly discuss the compactification of six dimensions. In order to preserve
the N = 1 space-time supersymmetry after superstring compactification, it is necessary and
sufficient [12, 13], to preserve the N = 2 superconformal symmetry on the world-sheet. Since
the ghost and a free space-time part have the N = 2 superconformal symmetry, it is necessary
to possess an N = 2 superconformal symmetry in the compact part. The supercharge is
constructed as the spectral flow in the three components. The ghost part of the N = 2
superconfromal algebra is the same as it was in the ten-dimensional case. The space-time part
is similar to that of the ten-dimensional case, but is built from 4 ψµ, Xµ. Namely,
Gsp-t± = iψ
±
0 ∂X
∓
0 + iψ
±
1 ∂X
∓
1 ,
J sp-t = ψ+0 ψ
−
0 + ψ
+
1 ψ
−
1 = i∂H0 + i∂H1.
(8.1)
This part has the central charge c = 6.
As we have discussed, the compact part must have the N = 2 superconformal symmetry.
We will only need the U(1)-current, which bosonizes as
J int = i∂H int,
H int(z)H int(0) ∼ −3 ln z. (8.2)
As well as in the ten-dimensional case, the supercharge can be build as a spectral flow of the
full N = 2 superconfromal algebra with the parameter η = −1
2
Q(z) = exp
[
−1
2
H tot
]
= exp
[
−1
2
(
Hgh +Hsp-t +H int
)]
. (8.3)
We can rewrite it as
Q(z) = exp
[
−3
2
φ+ σ − 1
2
iH0 − 1
2
iH1 − 1
2
iH int
]
= cSαΣe
− 3
2
σ, (8.4)
where we used the explicit expressions for Hgh, Hsp-t and returned to the original fields. Sα is
a four-dimensional spinor built similarly to (5.10) and we used the notation Σ = exp(−1
2
iH int).
The polarization α corresponds to all spins down s0 = s1 = −12 . By the Lorentz transformation
we can get another one s0 = s1 =
1
2
. These two polarization form 2-component Weyl spinor in
four dimensions. Replacing the ghost c by an integral, we achieve
Q =
∫
dz SαΣe
− 3
2
σ (8.5)
Reasoning similar to the one in section 6 leads to the restriction on the physical vertices in
order to have well-defined action of the supercharge. The locality condition reads
3l
2
− 1
2
s0 − 1
2
s1 − 1
2
Qint ∈ Z, (8.6)
where Qint is charge of the physical vertex with respect to the current J int.
It is instructive to study the massless spectrum of the compactified string. The massless
bosons can be a vector or a scalar. The vertex operator for the massless vector boson reads
V = cξµψµe
−φeikX . (8.7)
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The space-time and the ghost parts of it are chiral fields of the corresponding N = 2 supercon-
formal algebras.
The scalar boson vertex operator must have the form
V = cΛe−φeikX , (8.8)
where Λ is some scalar field of the compact part with the dimension 1
2
. The inequality |Qint| ≤
2∆int and condition (8.6) leads to two possibilities for the charge Qint = ±1. This means that
Λ must be a chiral field of the compact theory. The opposite is also true. One can show that
for any chiral field Λ of the compact part with dimension 1
2
vertex (8.8) is BRST-closed. The
property of chiral primary field G−1
2
Λ = 0 (or G+1
2
Λ = 0 for antichiral primary field) is crucial
for this.
The fermion vertex operator must be a space-time spinor and therefore it has the form
V = cuαSαΩe
−φ/2eikX , (8.9)
where Ω is a field of the compact part and α corresponds to s0 = s1 = ±12 . In order for V to
have conformal dimension zero, Ω must have dimension 3
8
. Since 3
8
= cint
24
field Ω must be the
Ramond vacuum of the compact part. Sα and ce
−φ/2 are the Ramond vacua of the space-time
and the ghost parts as well. Vertex (8.9) is a two component right Weyl spinor. The left Weyl
spinor3 vertex are
V = cvαS ′αΩe
−φ/2eikX , (8.10)
where Ω is an image of Ω under the automorphism J int → −J int of the N = 2 algebra and
α corresponds to s0 = −s1 = ±12 . The condition (8.6) and the inequality for dimension
∆int ≥ (Qint)2
6
restrict the possible charge Qint of Ω to be 1
2
or −3
2
(−1
2
or 3
2
for Ω). The opposite
is also true. For any Ramond vacuum of the compact part Ω with charge 1
2
or −3
2
vertex (8.9)
is BRST-closed. The property of the ramond vacuum G0Ω = 0 is again crucial for this. Note,
that there are only one field Σ = exp(−1
2
H int) with charge 3
2
and its vertex is superpartner of
the unique vector boson (8.7) of theory. The action of supercharge can be derived from the
formulas (4.18).
It is worth noting that the proposal about connection between the N = 2 superconfor-
mal symmetry and the space-time supersymmetry of the compactified string models also was
suggested in [18, 19].
9 Conclusion
It is shown that the hidden N = 2 superconformal symmetry, which takes place in ten-
dimensional NSR string in the matter and the ghost sectors, allows to obtain the space-time
supersymmetry in the similar way as it was done by Gepner in compactification of six di-
mensions. Note that we used the covariant quantization of the string meanwhile in [12] the
light-cone gauge was used.
The spectral flow of the N = 2 superconformal algebra allows us to construct a bijection
between boson (NS) and fermion (R) sectors subject to the limitation of space of the physical
states on a subspace of the states which are local with respect to the spectral flow operator.
This reduction is equivalent to the GSO-projetion.
3There is also left Weyl part of supercharge (8.5).
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The vertices of the massless particles correspond to the chiral fields with the U(1) - charge
equal to ±1 in the case of bosons and to the Ramond vacua in the case of fermions.
The action of the spectral flow combines vertices of the massless particles in one supermul-
tiplet.
We are grateful to S. Parkhomenko, D. Polyakov and G. Tarnopolsky for usefull comments
and discussions. Work of L. Spodyneiko was supported by Russian Foundation for Basic Re-
search under the grant RBRF 15-32-20974.
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